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The aim of the present paper is to show that a bounded Boolean power of an
effect algebra has all the analogous properties required for Ptak’s sum of a Boolean
algebra and an orthomodular lattice and to prove a theorem about its completeness.
We also give for elements of that Ptak sum an important form for their expression.

1. BOOLEAN POWER OF AN EFFECT ALGEBRA AS A
PTAK SUM

In the axiomatic approach to quantum mechanics, the event structure
of a physical system is a quantum logic (Ptdk and Pulmannovd, 1981).
Recently there has appeared a new axiomatic model, a difference poset (Kopka
and Chovanec, 1994) which is in some sense an effect algebra (Foulis and
Bennett, 1994) representing unsharp measurements or observations on a
physical system.

Definition 1.1. Let (P; B, 0, 1) be a system consisting of a set P with
two special elements 0, 1 e P and equipped with a partially defined binary
operation D satisfying the following conditions for all p, ¢, » € P:

(i) pDqg=qD pif one side is defined.

i@ pD@gDr = (pDr D qif one side is defined.
(iii) For every p e P there exists a unique ¢ € Psuchthatp® q = 1.
(iv) If 1 @ p is defined, then p = O.

Then (P; D, 0, 1) is called an effect algebra.
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In every effect algebra we introduce the partial ordering via a < b iff
there exists ¢ € P with a @ ¢ = b and the partially defined binary operation
O viabOS aisdefinedand b © a = c iff a @ c is defined and a € ¢ = b,
foralla, b, c € P.

From now on, we make the assumptions that (B; v, A, O, 1p) is a
Boolean algebra and (P, @p, 05, 1p) is an effect algebra and we denote them
briefly B and P. According to Burris (1975), we shall call a bounded Boolean
power (of P by B) the effect algebra which has as its universe the set

P[B]* = {f e B"|f(P) is a finite subset of B
Wlthf(P) = 13 andf(tl) /\f(tf_)_) - OB for all t # Iy t, 1 € P}

The partial binary operation © on P[B}* is defined as follows:
For f, g € P[B]*, f D g is defined iff for all a, b € P with f(a) A g(b)
# 0z the operation a @, b is defined, in which case

fOgr) = vifla) A gb)|a, b € Pwitha ©p b =1}, te P

Moreover,

O(Op) = 13 and 0([) = OB for all ¢+ # Op
1(1p) = lgpand 1(¢) = Og for all ¢t # 1,

We leave to the reader the verification that (P[B}*, &, 0, 1) is an effect
algebra. We also will leave to the reader the verification that the partial order
on P[B]* is defined via

f=g iff v{f(a) A g(b)|a, b € P witha < b} =1

and the difference operation © (associated to &) is as follows:

[ O gis defined iff f = g, in which case (f© g)() = v{f(a) A g(b)la,
bePwitha©pb=1t},teP

If B is complete, then we can omit in the definition the requirement that
f(P) is finite; we obtain a Boolean power P{B] (Burris, 1975).

It is easily seen that for every f € P[B]* there exist a uniquely defined
n € N, mutually orthogonal nonzero elements ay, ay, . . . , a, € B with v{a,lk
=1,2,...,n} =1, and mutually different elements b,, b5, ..., b, € P
such that f(by) = g, fork = 1,2, ..., nand f(t) = Op for every r € P\{b,,
by, ..., b,}. According to that we shall use (for brevity) the notation [(a,,
b)), ..., (a, b,)] instead of the definition of f and in that case we shall write
f=Ua, By), ..., (a, b,)]. Thus we have 1 = [(15, 1p)] and O = [(1, Op)].
It is routine to show that the maps

¢:a € B> @) = [(a, 1p), (@, Op)] € PIB]*
{: b e P> y(b) = [(I, b)] e P[B]*
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are embeddings which preserve all suprema and infima existing in B, resp. P.

Proposition 1.1. If for elements a, b of an effect algebra P there exist
avb,anb, anda ®@p b, then a ®p b = (av b) Dp (a A b).

See RieCanova (n.d.) for the proof.

Proposition 1.2. For all 0 # a € B, b € P there exists ¢(a) A U(b).
Moreover, if a, ¢ € B are such that a A ¢ = Og and b, d € P, then there exists

(@@ A B(D)) v (9(c) A U(d)) = (@(@) A YD) D (¢(c) A B(d))
Proof. 1t is easy to see that
(@) A P()) v (elc) A b(d))
= [(a, b), (@', Op)] v [(c, d), (c’, Op)]
=[a rc,0pvd),(anc,bvOp),{a Ac',0p)]
= [(a, ), (c, d), (@' A c’, Op)]
if a’ A ¢’ # 0g and it is equal to [(a, b), (c, d)] if @' A ¢’ = 0p. Moreover,
1 © oe) A ¥(d)
= [(15 191 © [(c, d), (c', 0p)]
=[(c, 1p ©p d), (c’, 1p Op 0p)]
= [(a, b), (@', 0p)]
= ¢(a) A P(b)

which implies that (¢(a) A U(b)) D (e(c) A P(d)) exists. Using Proposition
1.1, we have

(p(a) A Y(b)) D (e(c) A W(d))
= (¢(@) A (D)) v (¢(c) A (@)
since ¢(a) A ¢(c) = 0.
Proposition 1.3. Let f = [(ay, by), ..., (a, b,)] € P[B}*. Then
f=viel@) Abbplk=1,2,...,n}
= (p(a) A 4B B -+ B ((ay) A Y(b,)

Proof. It is routine to show that f = [(ay, b)), ..., (@, bl = vi{ie(ay)
Alb)ik = 1, ..., n}. The remainder of the statement forn = 1 and n =
2 follows from Proposition 1.2. We can proceed by induction. Suppose that
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the statement holds for some n = 2. Let g = [(ay, b)), ..., (4, b,), (@1,
b,.1)] € P[B]*. Using the de Morgan law, we have

1S vie(a) Ak =1,...,n)
= A1 S @la) Ak =1,...,n}
= ‘P(anﬂ) A ll’(bn+l)

since @(a,,1) = 1 © @(ay, k = 1, ..., n, implies
O(@nat) A Y(Dpat) = @(a,01) = 1O @ar) = 1 O @la) A by
k=1,...,n

Thus there exists
vgla) A BBk =1, ..., n}) © (@(@n1) A W(byr))
= v{gla Ablk = 1,...,n + 1}
since @(a,,1) A (V{e(a)lk =1, ...,n}) =0

Every homomorphism m: P —(0, 1) [i.e., m(a ©p b) = m(a) + m(b)
for all b, a € P with existing a €, b] has the properties m(0p) = 0 and for
all orthogonal pairs of elements a, b € P (ie.,a @p b existsand a A b =
0p), ifa v b € P, then m(a v b) = m(a Dp b) = m(a) + m(b). If, moreover,
m(1lp) = 1, then we call m a state on P.

Proposition 1.4. If s: B — (0, 1) and m: P — (0, 1) are states, then p.:
P[B]* — (0, 1) defined for every f = [(a;, b)), - .., (@, b,)] € P[B]* by
() = sta) -m(by)) + --- + s(a,) -m(b,) is a state on P[B}*.

Proof. Suppose thatf = [(al» bl)a LEEREARY (am bn)], g8 = [(Ch dl); cees (Cm,
d,)] e P[B]* with existing f D g. Then
fOg=1Ian Cp, b; Dp dj)]i,j
ajncj#0p
and
MO g = 2 s(a; A Cj)'m(bi Dp dj)

iJ
aincj#0p

= 2 s(a; A ¢;)(m(b) + m(d)))
a,'/\cl'}j#»'OB
Since s(a;) = X% s(a; A ¢;) and m(c;) = 2, s(a; A ¢;), we conclude that
R D g = r(f) + w(g)- Evidently p(l) = L.
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We see that in view of the proved propositions, P[B]* has properties
analogous to those required for the Ptdk sum of a Boolean algebra and an
orthomodular lattice (Ptdk, 1986).

2. COMPLETENESS

It is known that also for two complete Boolean algebras B, B, the
bounded Boolean power B,[B,]* need not be complete. In this section we
prove the following statement (we follow the notation of Section 1):

Theorem 2.1. The bounded Boolean power P[B]* of an effect algebra
P by a Boolean algebra B is a complete lattice if and only if both P and B
are complete and at least one of them is finite.

We have divided the proof into a sequence of lemmas and propositions.

Lemma 2.2. Suppose that K C B with vK existing in B and d € P. Then
(VK A li(d) = v{p(@) A ¥(d)|a € K}

Proof. Let ¢ = vK. By the definitions of ¢ and { we have ¢(vK) =
[(VK, 1p), (VK)', Op)], W(d) = [(1g, d)]. Suppose that y = [(a;, by), .. .,
(a, b)) = @la) A U(d) = [(a, d), (@', 0)], forevery a € K. If, for k e {1,

n}, (vK) A a, # Og, then there exists a € K with a A a, # Og and then
d = bk Thus ¢(vK) A ¥(d) = y. We conclude that ¢(VK) A U(d) = v{e(a)
Ay(d)la € K}.

Lemma 2.3. If an effect algebra P is a supremum-dense subalgebra of
an effect algebra P,, then all suprema and infima existing in P, are inherited
for P,.

We refer the reader to Riecanovd (n.d.), Theorem 1.7, for the proof.

For every Boolean algebra B its MacNeille completion (i.e., completion
by cuts) is, up to a unique isomorphism over B, a complete Boolean algebra
B into which B can be supremum-dense embedded (i.e., every element of B
is a supremum of some elements of B) (Schmidt, 1956). Moreover, the
embedding o preserves all suprema and infima existing in B. We usually
identify a(B) C B with B. In this sense P[B]* is a subalgebra of P[B]*
(Burris, 1975, Proposition 2.3).

Proposition 2.4. P[B]* is supremum-dense in P[E]*.

Proof. Let f = [(ay, b)), ..., (a,, b,)] € P[B}*. Since B is supremum-
dense in B, there exist M; C B with vM, = g, k = 1, ..., n. Thus by
Lemma 2.2, ¢(a) A U(b) = (VM) A l(b) = v{e(c) A lib)lc € M}, k
=1, ..., n It follows that f = v{e(c) A b(b)lc e M, k=1, ..., n}.
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Similar arguments apply to the case P[B]; we can prove the following
assertion:

Proposition 2.5. P[B* is supremum-dense in P[B].
Proposition 2.6. 1If P[B]* is complete, then P and B are complete.

Proof. (1) Let M C P. Letusput D = {d € Pld = b for every b e
M}. For every d € D let g; = [(1p, d)]. Completeness of P[B]* implies that
there exists f = A{gyld € D}. Since v{f(£)It € P} = 1, there exists f, €
P with f(z) # 0p. It follows that f(#)) A 1z # 05 and hence 7y < d for every
d € D. Moreover, f = g; = {(b) = [(1p, b)] implies t, = b for every b €
M. We conclude that ¢z, = vM € P.

(2) By Proposition 2.4, completeness of P[B]* implies that P[B]* =
P[B]* using also Lemma 2.3. Thus for any K C B there exists vK € B and
[VK, 1p), (VK)', 0p)] € P[B]* = P[B], which implies that vK & B.

Using the de Morgan laws we conclude that P and B are complete lattices.

Proposition 2.7. If P[B]* is complete, then P[B]* = P[B]* = P[E] and
at least one of P and B is finite.

Proof. The completeness of P[B]* implies B = B by Proposition 2.6.
In view of Proposition 2.5 and Lemma 2.3 we obtain P[B]* = P[B]* =
P[B]. Hence at least one of P and B is finite.

Proposition 2.8. If P and B are complete and at least one of them is
finite, then P[B]* is complete.

Proof. (1) Suppose that B is complete and P = {d,, ..., d,}. Let M C
P[BJ*.Fori=1,...,nletusput K; = {a € Blo(a) A(d) = f. f € M}
and M; = {¢(a) A (d))la € K;}. Since B is complete, there exists AK; e
B and by Lemma 2.2 we have @(vK)) A U(d)) = v{g(a) A li(d)]a € K;} =
vM; e P[B]*. Since P is a lattice, P[B]* is a lattice, too, and thus vM =
vivMli = 1, ..., n} € P[B]*.

(2) Suppose that B is finite and A is the set of all atoms of B. Then
P[B]* is isomorphic to the direct product II{P,la € A}, where P, = P for
every a € A. It follows that P[B]* is complete if P is complete.

Now the proof of Theorem 2.1 follows by Propositions 2.6-2.8.
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